Abstract. We study d-variate problem in the average case setting with respect to a zero-mean Gaussian measure. The covariance kernel of this Gaussian measure is a product of univariate kernels and satisfies some special properties. We study (s, t)-weak tractability of this multivariate problem, and obtain a necessary and sufficient condition for s > 0 and t ∈ (0, 1). Our result can apply to the problems with covariance kernels corresponding to Euler and Wiener integrated processes, Korobov kernels, and analytic Korobov kernels.
Introduction
Recently, there has been an increasing interest in d-variate problems with large or even huge d. Examples include problems in computational finance, statistics and physics. In this paper we investigate multivariate problems S = {S d } d∈N in the average case setting, where
is a separable Banach space equipped with a zero-mean Gaussian measure µ d , G d is a Hilbert space. We only consider continuous linear functional. We use either the absolute error criterion (ABS) or the normalized error criterion (NOR). The information complexity n X (ε, S d ) is defined as the minimal number of continuous linear functionals needed to find an ε-approximation of S d for X ∈ {ABS, NOR}.
An algorithm A : F d → G d is said to be an ε-approximation of S d for X ∈ {ABS, NOR} if
where
Tractability of multivariate problems S is concerned with the behavior of the information complexity n X (ε, S d ) for X ∈ {ABS, NOR} when the accuracy ε of approximation goes to zero and the number d of variables goes to infinity. Various notions of tractability have been studied recently for many multivariate problems. We briefly recall some of the basic tractability notions (see [9, 10, 11, 12, 15] ).
Let S = {S d } d∈N . For X ∈ {ABS, NOR}, we say S is
• strongly polynomially tractable (SPT) iff there exist non-negative numbers C and p such that for all d ∈ N, ε ∈ (0, 1),
The exponent of SPT is defined to be the infimum of all p for which the above inequality holds;
• polynomially tractable (PT) iff there exist non-negative numbers C, p and q such that for all d ∈ N, ε ∈ (0, 1),
• quasi-polynomially tractable (QPT) iff there exist two constants C, t > 0 such that for all d ∈ N, ε ∈ (0, 1), n X (ε, S d ) ≤ C exp(t(1 + ln ε −1 )(1 + ln d));
• uniformly weakly tractable (UWT) iff for all s, t > 0,
• weakly tractable (WT) iff
• (s, t)-weakly tractable ((s, t)-WT) for positive s and t iff lim
This paper is devoted to studying average case (s, t)-weak tractability of nonhomogenous tensor product problems with covariance kernels corresponding to Euler and Wiener integrated processes, Korobov kernels, and analytic Korobov kernels. Such problems were investigated in [14] for Euler and Wiener integrated processes under NOR, and in [8] for analytic Korobov case under NOR and ABS. The authors in [14, 8] obtained that (s, t)-WT always holds with s > 0 and t > 1, and (s, 1)-WT with s > 0 holds iff WT holds. However, they did not obtain the matching necessary and sufficient conditions on (s, t)-WT with s > 0 and t ∈ (0, 1). The matching necessary and sufficient condition on (s, t)-WT with s > 0 and t ∈ (0, 1) was first obtained in [1] for average case multivariate approximation with Gaussian covariance kernels.
In this paper, we use a unified method to get a necessary and sufficient condition for (s, t)-WT for t ∈ (0, 1) and s > 0. Specially for Euler and Wiener integrated processes, the measures µ d are defined in terms of the nondecreasing sequence {r k } k∈N of nonnegative integers
Roughly speaking, r k measures the smoothness of the process with respect to the kth variable. For the normalized error criterion, we obtain for t ∈ (0, 1) and s > 0,
• for the Euler integrated process,
• for the Wiener integrated process,
where ln + x = max(ln x, 1). The paper is organized as follows. In Section 2 we give the preliminaries about non-homogeneous tensor product problems in the average case setting and present the main results, i.e., Theorem 2.1. Section 3 is devoted to proving Theorem 2.1. In Section 4, we give the applications of Theorem 2.1 to the problems with covariance kernels corresponding to Euler and Wiener integrated processes, Korobov kernels, and analytic Korobov kernels.
Preliminaries and main results
We recall the concept of non-homogeneous linear multivariate tensor product problems in average case setting, see [5] .
Let F d , H d are given by tensor products. That is,
where Banach spaces F
(1) k are of univariate real functions equipped with a zeromean Gaussian measure µ (1) k , and H
−1 be the induced zero-mean Gaussian measure on H
k , and let C ν
be the covariance operator of the measure ν
k . Then
The eigenpairs of C ν
are denoted by (λ(k, j), η(k, j)) j∈N , and satisfy
The eigenpairs of C ν d are given by
Let the sequence {λ d,j } j∈N be the non-increasing rearrangement of
τ , for any τ > 0.
We approximate S d f by algorithms A n,d that use only finitely many continuous linear functionals. A function f ∈ F d is approximated by an algorithm
where 
The nth minimal average case error, for n ≥ 1, is defined and given by (see [9] )
where the infimum is taken over all algorithms of the form (2.1). It is achieved by the nth optimal algorithm
For n = 0, we use A 0,d = 0. We remark that the so-called initial error e(0, d) is defined and given by
The information complexity for S d can be studied using either the absolute error criterion (ABS), or the normalized error criterion (NOR). Then we define the information complexity n X (ε, S d ) for X ∈ {ABS, NOR} as
for X=NOR.
In this paper we consider a special class of non-homogeneous tensor product problems S = S d d∈N . Assume that the eigenvalues
of the covariance operator C ν d of the problem S satisfy the following three conditions:
(1) λ(k, 1) = 1, k ∈ N; (2) there exist a decreasing positive sequence f k k∈N and two positive constants A 2 ∈ (0, 1], A 1 ≥ 1 such that for all k ∈ N, we have
λ(k,1) ∈ (0, 1]; (3) there exist two constants τ 0 ∈ (0, 1) and M τ0 for which
x .
Then we say that the problem S = S d d∈N has Property (P).
We make some comments on Property (P). Usually, the sequence {h k } in Condition (2) is decreasing. In this case, A 1 = A 2 = 1, and f k = h k , k ∈ N. For the problem S with Property (P), we have for ε ∈ (0, 1) and d ∈ N,
Note that for any
According to Conditions (2) and (3), we have for any
where in the first inequality we used the inequality ln(1 + x) ≥ x ln 2, x ∈ [0, 1], and in the last inequality we used the inequality ln(1 + x) ≤ x, x > 0. We are ready to present the main result of this paper.
Theorem 2.1. Let S = S d d∈N be a non-homogeneous tensor product problem with Property (P). Then for NOR or ABS, (s, t)-WT holds with s > 0 and t ∈ (0, 1) iff
Remark 2.2. Let S = S d d∈N be a non-homogeneous tensor product problem with Property (P). Using the method of [8, 13] , we can obtain that for ABS or NOR, (s, t)-WT always holds with s > 0 and t > 1, and (s, 1)-WT holds with s > 0 iff WT holds iff lim 
ThenS has Property (P) with the same h k . Also for NOR, the problems S and S have the same tractability. Hence, for NOR, (s, t)-WT holds with s > 0 and t ∈ (0, 1) iff (2.4) holds.
In order to prove Theorem 2.1, we need the following lemma.
Lemma 2.4. Let S = S d d∈N be a non-homogeneous tensor product problem. Then for NOR, we have for x > 0
Proof. We set
It follows from the definition of n
We have
We note that for k = 1, 2, . . . , d, j ≥ 3 and x > 0,
It follows that
and so
.
Hence, we have
By (2.6) and the above inequality, we get
Lemma 2.4 is proved.
Proof of Theorem 2.1
Proof of Theorem 2.1.
We first show that (2.4) holds whenever (s, t)-WT holds with s > 0 and t ∈ (0, 1) for NOR or ABS. Due to (2.2), it suffices to prove (2.4) under NOR.
Assume that s > 0 and t ∈ (0, 1). Suppose that (s, t)-WT holds for NOR. We set
, and
where f k is given in Condition (2) of Property (P). Then {u k } is monotonically decreasing. We want to show that lim
It follows from (2.5) and λ d,1 = 1 that
By (2.3) and Condition (2) of Property (P), we get
Since (s, t)-WT holds for NOR, we obtain by (3.2) and (3.3) that
which implies lim
Applying Lemma 2.4 with
where in the second inequality we used the inequality ln ( 
We remark that the function u(x) = x − x 1+s d is monotonically increasing in (0, e −1 ). Since lim
holds for any k ≥ K. It follows that
, and lim
Since (s, t)-WT holds for NOR, we obtain by (3.4), (3.5), and (3.6) that
which yields that
Applying the mean value theorem to the function φ(x) = a x , a ∈ (0, 1), we obtain for some θ ∈ (0, 1),
We get by (3.8) that
which combining with (3.7), gives that
Noting that
by (3.8) we have
which implies that
Hence, we conclude from the monotonicity of the function ϕ(x) = x ln
giving (2.4). Next we show that (s, t)-WT with s > 0 and t ∈ (0, 1) holds for NOR or ABS whenever (2.4) holds. Due to (2.2), it suffices to prove (s, t)-WT holds for ABS.
We have for τ ∈ (0, 1),
which combining with (3.10) yields
It follows from the definition of n ABS (ε, S d ) that
We let τ = s d , where s k . u k are given in (3.1). By (3.12) and (2.3) we obtain
Noting that A 1 > 1 and
we continue to get
Assume that (2.4) holds. Note that
It follows from the monotonicity of the function ϕ(t) = t ln + (
It follows from (3.6) that 0 ≤ lim
In order to show that (s, t)-WT holds for ABS, by (3.13) we only need to prove (3.14) lim
We know that ϕ(t) = t ln( 1 t ) is monotonically increasing in (0, e −e ). So the inverse function ϕ −1 (t) is also monotonically increasing in t ∈ (0, e 1−e ). Let y = ϕ(t) = t ln( 1 t ), t ∈ (0, e −e ). Then we have
− ln x is increasing in [2, ∞) and hence
We get further (3.15)
for any ε ∈ (0, 1) there exists an integer K 1 ≥ 4 such that for all k ≥ K 1 , 0 < u k < e −e , and k
This yields
It follows from (3.15) that
We notice that v(
ln x is increasing in [e 2/t , ∞) due to the fact that
It follows from (3.6) that for the above ε ∈ (0, 1) there exists a positive integer K 2 for which
Then for any d > K, we have
where in the last inequality we used the inequality
It follows from (3.17), (3.16), and (3.6) that
This gives (3.14). We conclude that (s, t)-WT holds for ABS. The proof of Theorem 2.1 is completed.
Applications of Theorem 2.1
Consider the approximation problem S = {S d } d∈N ,
The space C([0, 1] d ) of continuous real functions is equipped with a zero-mean Gaussian measure µ d whose covariance kernel is given by
The covariance kernels K d (x, y) are of tensor product and correspond to Euler and Wiener integrated processes, Korobov kernels, and analytic Korobov kernels. This section is devoted to giving the applications of Theorem 2.1 to these cases.
(s, t)-WT of Euler and Wiener integrated processes.
In this subsection we consider multivariate approximation problems S = {S d } defined over the space C([0, 1] d ) equipped with zero-mean Gaussian measures whose covariance kernels corresponding to Euler and Wiener integrated processes. We briefly recall Wiener and Euler integrated processes.
Let W (t), t ∈ [0, 1], be a standard Wiener process, i.e. a Gaussian random process with zero mean and covariance kernel 
Here {r k } k∈N is a sequence of nondecreasing nonnegative integers
They describe the increasing smoothness of a process with respect to the successive coordinates.
For the problems S, the eigenvalues of the covariance operators of the induced measures corresponding to Euler and Wiener integrated processes are known (see [3] ):
, for all j ∈ N, and
where for two nonnegative sequences f, g : N → [0, ∞),
means that there exists two constants C > 0 and k 0 ∈ N for which f (k) ≤ Cg(k) holds for any k ≥ k 0 , and
Note that for all k ∈ N,
In this case, we set τ 0 ∈ (1/2, 1). By (4.2) we have
It is proved in [6] that
Note that
We conclude that the problem S corresponding to the Wiener integrated process satisfies Condition (2) with f
This implies that for τ 0 ∈ (3/5, 1), x ≥ τ 0 , we have
According to (4.3) and (4.4), we know that the problems S corresponding to the Euler and Wiener integrated processes satisfy Conditions (2) and (3) with f
. By Remark 2.3, we have the following theorem.
Theorem 4.1. Consider the problems S = {S d } in the average case setting with a zero mean Gaussian measure whose covariance kernels corresponding to Euler and Wiener integrated processes with the smoothness r k satisfying (4.1). Assume that s > 0 and t ∈ (0, 1). Then for NOR, we have (1) for the Euler integrated process, (s, t)-WT holds iff
(2) for the Wiener integrated process, (s, t)-WT holds iff
We recall tractability results of the above problems S corresponding to Euler and Wiener integrated processes under the assumption (4.1) and using NOR. The sufficient and necessary conditions for SPT, PT, QPT and WT were obtained in [6] , for UWT in [13] , and for (s, t)-WT with s > 0 and t ≥ 1 in [14] . In [14] , Siedlecki also got the sufficient conditions and the necessary conditions on (s, t)-WT with s > 0 and t ∈ (0, 1). However, these conditions do not completely match. Combining with our results, we have the following results about the tractability of the above problem S using NOR.
For the Euler integrated process under NOR:
• SPT holds iff PT holds iff
• QTP holds iff
• UWT holds iff
• (s, t)-WT with s > 0 and t > 1 always holds.
• (s, 1)-WT with s > 0 holds iff WT holds iff lim k→∞ r k = ∞.
• (s, t)-WT with s > 0 and t ∈ (0, 1) holds iff
For the Wiener integrated process under NOR:
• (s, 1)-WT with s > 0 holds iff WT holds iff
Remark 4.2. The authors in [6] obtained that the sufficient and necessary condition for SPT or PT under NOR is
However, it is easy to verify that this condition is equivalent to (4.5).
Average-case (s, t)-WT with Korobov kernels.
In this subsection we consider a multivariate approximation problem S = {S d } defined over the space C( [0, 1] d ) equipped with a zero-mean Gaussian measure whose covariance kernel is given as a Korobov kernel. Assume that the covariance kernel K d is of product form,
where R k = R r k ,g k are univariate Korobov kernels,
Here β ∈ (0, 1] is a scaling parameter, and α is a smoothness parameter satisfying α > 1 2 . Note that for x = y we have
where ζ(x) = ∞ j=1 j −x is the Riemann zeta function which is well-defined only for
x > 1. We assume that r k k∈N and g k k∈N satisfy
For the problem S = {S d }, the eigenvalues of the covariance operator C ν d of the induced measure are known, see [5] .
where λ(k, 1) = 1 and
In this case, we set τ 0 ∈ ( 1 2r * , 1). We have
This means that the problem S has Property (P) with f k = g k . By Theorem 2.1, we have the following theorem.
Theorem 4.3. Consider the problem S = {S d } in the average case setting with a zero mean Gaussian measure whose covariance operator is given as the Korobov kernel with the scale g k and smoothness r k satisfying (4.6) and (4.7), respectively. Assume that s > 0 and t ∈ (0, 1). Then S is (s, t)-WT for ABS or NOR iff We recall tractability results of the above problem S. In [5, 16, 17] , the authors considered the problem S under the assumption (4.6) and
However, there is no need to assume monotonicity for the smoothness parameters r k , k ∈ N. Indeed, it suffices to assume (4.7) instead of (4.8). The sufficient and necessary conditions for SPT, PT, WT under NOR were given in [5] , for QPT under NOR in [5, 16, 4] , and for UWT under ABS or NOR in [17] . Combining with our results, we have the following results about the tractability of the problem S using ABS and NOR.
• For NOR or ABS, SPT holds iff PT holds iff • For NOR, QPT holds iff
• For ABS or NOR, UWT holds iff • For ABS or NOR, (s, t)-WT with s > 0 and t > 1 always holds.
• For ABS or NOR, (s, 1)-WT with s > 0 holds iff WT holds iff lim j→∞ g j = 0.
• For ABS or NOR, (s, t)-WT with s > 0 and t ∈ (0, 1) holds iff
Remark 4.5. In [17] , Xu obtained that the sufficient and necessary condition for UWT under ABS or NOR is lim j→∞ g j j p = 0 for all p ∈ (0, 1). This condition is equivalent to (4.10).
Remark 4.6. In [5] , the sufficient and necessary condition for SPT or PT only under NOR was given. However, this condition is also true for ABS. Indeed, due to (2.2), it suffices to prove that SPT holds for ABS if (4.9) holds. We assume that (4.9)
holds. Then
where in the first inequality we used (2.3), A 1 = 2ζ(2r * τ 0 ). From [5] we know that SPT holds for NOR. Using the inequalities
we get that SPT holds for NOR iff SPT holds for ABS. Hence, SPT for ABS holds.
4.3. Average-case (s, t)-WT with analytic Korobov kernels.
In this subsection we consider a multivariate approximation problem S = {S d } defined over the space of C([0, 1] d ) equipped with a zero-mean Gaussian measure whose covariance kernel is given as an analytic Korobov kernel. Assume that the covariance kernel K d is of product form,
where K 1,a k ,b k are univariate analytic Korobov kernels, In this case, we set τ 0 ∈ (0, 1). We have This means that the problem S has Property (P) with f k = ω a k . By Theorem 2.1, we have the following theorem. Theorem 4.7. Consider the problem S = {S d } in the average case setting with a zero mean Gaussian measure whose covariance operator is given as the analytic Korobov kernel with the sequences a and b satisfying (4.11). Assume that s > 0 and t ∈ (0, 1). Then S is (s, t)-WT for ABS or NOR iff
We recall tractability results of the above problem S under the assumption (4.11). The sufficient and necessary conditions for SPT, PT, UWT, WT under NOR or ABS, and for QPT under NOR were given in [7] , and for (s, t)-WT with s > 0 and t ≥ 1 under ABS or NOR in [17] . However, the authors did not find out the matching necessary and sufficient conditions on (s, t)-WT with s > 0 and t ∈ (0, 1) under ABS or NOR. Combining with our results, we have the following results about the tractability of the above problem S using ABS and NOR.
• For NOR or ABS, SPT holds iff PT holds iff lim j→∞ a j ln j > 1 ln ω −1 .
• For NOR, QPT holds iff
• For ABS or NOR, UWT holds iff (4.12) lim j→∞ a j ln j ≥ 1 ln ω −1 .
• For ABS or NOR, (s, t)-WT with s > 0 and t > 1 always holds.
• For ABS or NOR, (s, 1)-WT with s > 0 holds iff WT holds iff lim j→∞ a j = ∞.
• For ABS or NOR, (s, t)-WT with s > 0 and t ∈ (0, 1) holds iff lim k→∞ k 1−t a k ω a k = 0.
Remark 4.8. In [17] , Xu obtained that the sufficient and necessary condition for UWT under ABS or NOR is lim j→∞ ω aj j p = 0 for all p ∈ (0, 1). This condition is equivalent to (4.12).
